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LVI. An Explication of an obfcure Paffage

in Albert Girard’s Commentary upon Simon
Stevin’s Works (Vide Les Oeuvres Ma-
them. de Simon Stevin, a Leyde, 1634,
p. 169, 170); &y Mr. Simfon, Profeffor
of Matbematics at the Univerfity of Glaf-
gow : Communicated by the Right Honour-
able Philip Ear/ Stanhope.

Read Dec. zo, ¢ UIS que je fuis entré en la ma-
1753 ‘ tiere des nombres rationaux,

¢ jadjoufteray encore deux ou trois particularitez,

¢ non encor par ¢y devant practiquées, comme d’ex-

< pliquer les radicaux extremement pres, &'c.”
phq >

The firft thing Albert Girard gives in this place is
a method of expreffing the ratio of the fegments of a
line cut in extreme arid mean proportion, by rational
numbers, that converge to the true ratio. For this
purpofe he takes the progreffion o, 1, 1, 2, 3, 5, 8, 13,
21, ¢re. every term of which is equal to the fum of
the two terms that precedeit: and fays, any number
in this progreffion has unto the following the fame
ratio [nearly] that any other has to that, which fol-
lows it. ‘Thus § has to 8 nearly the fame ratio, that
8 has to 13 ; confequently, any 3 numbers next one
another as 8, 13, 21, nearly exprefs the fegments of
a line cut in extreme and mean proportion, and the

whole line; fo that 13, 21, V. B. 13 is wrong
printed for the fecond num. - ad of 21) con-
ttitute
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ftitute near enough an ifofceles triangle, having the
angle of a pentagon ; 7. e. whofe angle at the vertex is
fubtended by the fide of a pentagon in the circle de-
fcribed about the triangle.

Now this will be plaxn, if it be thewn, that the
fquares of the numbers in this feries are alternately
leffer and greater by an unit, than the produé of the
two numbers next them upon each fide. Thus, in
the four numbers, §, 8, 13, 21, the fquare of 8 is
an unit lefler than the product of 5 and 13 ; but the
fquare of 13 that next follows 8, viz. 169, is an
unit greater than 8 times 21, or 168 ; and fo on con-~

ttantly.
Cafe 1.

If a, 4, ¢, be fuch numbers, that}I :ctéb—é—; .

Then, if 4 be taken, fo that d = 44c; then fhall
bd-1=cec.

Becaufe d=b4+c¢; bd+4 1 thallbe =bb4 bc +
1=ac -+bc [2] which is =g+ xc=¢c [1}: Ergo
bd4 ¥ =cc.

Cafe 2.
. b=

If a, 4, ¢, be fuch thatii. Z;:_ . -;.fbb

Then, if 4 be taken, fo that d=04}¢ ; then fhall
bd=cc+1.

Becaufe d/=bbt-be=act-be-}-1 |2.] =sFbxc41
=cc41 [1.]

Problem,

Having given the number 4, in Ca/é 1. to find
b and ¢, 7. e. having given a to find 4 fuch that
bb+1 = (ac=) aa+-ab; thenis bb—ab—=aa—1:

Aaa _ and
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and therefore &= H‘Vz___—w—"‘l. Whence, to make

4 a rational integer number, §a2—4 muft be a {quare;
which it will be, if a==1; and then & will alfo be 1,
and ¢ will be 2: and having continued the feries,
every number will have the properties mentioned.

The fecond thing which Albert Girard mentions,
is a way of exhibiting a feries of rational fractions,
that converge to the fquare root of any number pro-
pofed, and that very faft. He tells nothing about
the way of forming it, and only gives the two fol-
lowing examples; vz,

He fays, 4/ 2 is equal nearly to {Z%: or, if you

would have it nearer, to 2323,

His other example is of 4/ 10, which, he fays, is
nearly equal to 3 53553 ; 7. e. to 223544, And thefe
are the fractions your lordfhip has turned, at firft fight,
into continued frattions of the fame value *,

The way of making a feries of rational fractions,
which converge to the {quare root of any number
propofed, in fuch a manner, that the fquare of the
numerator of any of them being leflened by an unit,
or, in fome cafes, increafed by an unit, the remainder,
or fum divided by the fquare of the denominator, fhall
be exactly equal to the number propofed, depends

upon the following propofitions :

Prop.

* N. B. That the continued fraftion here alluded to for exprefling the

{quare root of 1o was # X 19—’y .
-

s 3 . Lo
ey Ge. adinfinitum,
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Prop. 1.
Let a be any number propofed, and -cé be fuch a
fraction, that éf—-l =a,i. e bb=acc+ 1, then, if

two other fractions be taken, one of which is ;fic, the

ﬁrl’c divided by the propofed number 4, and the other
is 5 o the reciptocal of the firft fraltion; then the

fra&ion bH; , whofe numerator is the fum of the
produéts of the nmnfrators, and of the denomina-
tors of the fradtions sand —; and its denominator
the fum of the prodm?cs of the numerators and of

the denominators of the fractions ; band %, fhall have
Gbfacc'—
the fame propesty with the fraéhon -i. e.—-'iié.zi Tey

Becaufe bb=acc+1
bb == ace =1, and {quaring
be—2alc*+a*c4=1. And adding 4ab*c*
b4 zab’c’+a=a4.—4ab" Z41.

Whence 44— =,
256
Prop. 2.
b . i bb4-1 .
If = be fuch a fraction, that——=a4, i.c. 5o+ 1=ac¢,
all other things remaining das in Prop. 1, ; then fhalt
the fralion Ii;*-;‘f, formed as there defcribed, be

[

p S
fuch, that ..:%ﬂ}._..l =4,
Aaaa Becaufe
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Beaufe bb+1==acc, then acc~—bb=1 ; and fquaring

bA—2ab*c*t-a*c4=1.
Whence, as in the foregoing, it will follow, that
Zb—]e-m'cz—l —a
20
Prop. 3.

Let the fraction ; be fuch, that I’—I’cl;;" =a, Le bb
=aecc+1; alfo let g be another fraétion; having the
fame property with ﬁi, i.e. fuch, that dd=agee+-1.
Then, if from the fraction—?, and the two others men-
tioned in Prop. 1. viz. aic, and —2, a new fraction be
formed, in the fame manner as the fraction 2 5:;’;1‘
was formed from g, and the fame two ;—c and%, which

fraction will be %’; this new fraction thall have

" - b d .
~ the fame property with the other two  and , ..

bddrace —x1 __

I e=a,

Td:f:bez

bb=acc+1

dd=aee+1

ac*d*=ta*c*e*tac* [ 2.]

brdz=ab*e>+-4* 2.

Prd*=abre* 4-acr41 [4, 1.]

brd*a*cret=ab*e?--a*c’e*f-ac*+1 (5.]

b2d*4-a*c? e*=ac*d*+-ab*e* 41 [6.3)

b2d*}-2abcdet-a’c*e=ac*d*+-2abcde-t-abre’4- 1 [7}.
i.e.

PN AP W Vo
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r—— e 2
Z e. bd-«}-acez =axcd - be + r
2
9. 5d+ace2-—1=a.
cd-t-be
Prop. 4.
The fame things being fuppofed as in Prep. 3. ex-
cept that b4, inftead of being equal to acc+1, as

there, is equal to ace—1, or bb+1=acc; it will fol-
low, by the like fteps as in Propofition 3. that

&d—{—dcez-l—z g
t‘a—(-bez
Prop. 5.
If likewife 4* be equal to aee—1, as well as b2=
acc—1, all other things remaining as in Propofi-

tion 3. then fhall bl]—acez =ax cd—i—bez 41, e
5d+ace2-— I

cd-{--{)ez |

o—
—

1. b24-1=acc

2. d»41=aec

3. b*d> y-br=abre* [2.]

4. actdr-act=a*c*e* |2.]

5. brdrt-aci=abre*4-1 (3, 1.] A

6. bra*tac*+-acrd*=acd*4-a*be*+1 5.)

7. brdrdarcrer=ac*d*+-abre* -1 [6.4.

8. b'd4-2abcdet-a’c¢=ac’d 4-2abcdef-ab'e" 41 [7.)

2. 6. bdd-ace =axcd+bez+l,
D r— ]
bd+4-ace —1

z d—a‘
cd+be

Prop.
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Prop. 6.
But if 6*= acc-4-1, and d>=ace—1, all other things
remaining as in Prep. 3. Then thall mez F1=
b?mz-l-x
. ————-—-—W
as the reft were.

Now, let 4 be any number propofed, and let the

. . bb—
fraction g be fuch, that either —-;‘—-3 =a, or 11%‘1.;5__:4,

@ X 5. 1€ =a. which may be thewn,

and take the fractions £ and g, before defcribed 5 then

the feries of fractions converging to 4/ will be as
follows :

€2 1% the firft term of the feries.

Ve 3¢
bhtace__d g fooond term. ) By term is formed from
2bc € the preceding ;3 andthe 2

batace_f the third term. \fractions Zand £, in the

cdt-be g ac 4

btag _b fame magner as the fe-

by~ k the .fourth term 4 cond from the firft, and
&c. in infin. ) thefe fractions.

And from the foregoing propofitions it follows,

1. That if f’%——f =a, then every fraction of the
feries thall be fuch.

That if from the fquare of its numerator be taken
an unit, the remainder, divided by the fquare of its
denominator, fhall be equal to 4.

For, by Prop. 1. the fraltion f thall be fuch; and

by Prop. 3. the next fraction £ hall likewife be fuch;

and fo all the following terms.
: Example.
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Example.
Let a=12 ; then the firft fraction, 7. ¢. thatin the

fmalleft numbers, g, that makes l’%—-‘:—: 2, is when §
3, and ¢=2 ; fo that

b1
a [
are And the terms followiny; the firft 2

Ll 99 577 2363 &2
} are 12° 70° m. ¢378° &C.

2. Butif 2¥1 g, i o if the firft fraction ? of

the feries have the {quare of its numerator an unit lefs
than acc, the multiple of the fquare of its denomina-
tor by the number 2 ; the fecond term thall have the
fquare of its numerator an unit greater than the faid
multiple of the {quare of its denominator; and the
third term fhall have the faid fquare an unit lefler,
and {o on alternately. |

For, by Prop. 2. the fecond term ‘;’ﬂn’ll be fuch,
that “2—4: and therefore, by Prop. 4. the third

es

term £ (hall be fuch, that T = 5. And by Prop.

5. it follows, that the next term gfhall be fuch, that

%:5:4; and fo on altﬁmatdy: by Prop © 4 and

y.

ol

C»i{n
+oo
ol

Example.

Let a=2 ; then the firft fraction é;that makes»&—-b?ji-’-
=2, iswhend=1, andc=1. So that
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ac l'
b <
And the following terms

ar::} 4 are . L4704, 22 &
z

Butif 2 be 13, then the firft fraction will be *}
40 g S O

3. But if the fraction = be fuch, that Ifl’—Z-‘: a, and

if the fractions ;—c, g, be taken, from which the fe-
ries is to be formed, as has been defcribed ; then, if
the firflt fraction of the feries be made not f,-but {fome

fraction . -» fuch that d +I—a then fhall every term

of the feries be fuch as the fraction ‘-1, 7.e. the {quare

of the numerator being increafed by an unit, and the
fum divided by the fquare of the denomlnator the
quotient fhall be equal to 4.

For, fince db=acc 4 1, and dd=aee—1, by

Prop. 6. it follows, that the next term f fhall be
fuch, that %:-a ; and fo on for every term,

Example
b= =3, =
Leta=2-Z7; 3. then will —‘ = and ; 3, and
let - = :; then
(b d
b ac ¢
are
2 3

3.391 And



[ 377 ]

And the other terms
ace 7. 4% 239, 1393 &5,
5 29 169 985
To find ?fuch as makes b6 — 1 —acc, 7. e, acc +

1 =155, recourfe muft be had to Lord Brouncker's
method in Dr. Wallis's Gommercium Epiftolicum.

LVIL. Qéfervations upen the Elericity of the
Air, made at the Chateau de Maintenon,
during the Months of June, July, and Oc-~
tober, 1753 ; being Part of a Letter from
the Abbé Mazeas, F.R.S. to the Rev. Ste-
phen Hales, D. D. F. R.S. Tranflated
from the French 4y James Parfons, M. D,
F.R.S.

SIR,

Read Dec. 20, T PJEING aflured, that the ele@ricity
1753 B of the atmofphere would yet afford
means of entertaining you, I fpent part of this fum-
mer in obferving what nature prefented me upon fo
important a fubjet. ' |
On the 14th of June I accompanied the Marechal
de Noailles to his caftle of Maintenon. At my ar-
rival, T fet up an apparatus, which confifted of an
iron wire 370 feet long, raifed to 9o feet above the
herizon. It came down from a very high room in
the caftle, where it was faftened to a filken cord fiz
Bbb fees.



